Elementary operation matrices: row addition

For t # a, let A(™13) be the n x n matrix such that

Alnita) _ 1 ifr=c,orifr=tandc=a
r,c = .
’ 0 otherwise

A(n’t’a) — [+ ete;—

10
0 1
00
00
00

Example:

A(5’2’4) _
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Elementary operation matrices: row addition

For t # a, let A(™13) be the n x n matrix such that

Alnita) _ 1 ifr=c,orifr=tandc=a
r,c = .
0 otherwise

A3 — | gl

Lemma

If B is an n x m matrix, then A4 B s obtained from B by the
adding a-th row to the t-th row.




Elementary operation matrices: multiplying a row

For real number a # 0, let M("%:%) be the n x n matrix such that

1 ifr=c#k
M) = Lo ifr=c=k
0 otherwise

MK) — |4 (o —1)exe]

1 0
0 0
0 0 1
0 0
0 0

Example:

M(5’2’4) _
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Elementary operation matrices: multiplying a row

For real number a # 0, let M("%:%) be the n x n matrix such that

1 ifr=c#k
M) = Lo ifr=c=k
0 otherwise

MK) — |4 (o —1)exe]

Lemma

If B is an n x m matrix, then M("k:®) B js obtained from B by
multiplying the k-th row by «.




Elementary operation matrices: exchanging rows

For r; # rp, let T(™1:72) pe the n x n matrix such that

1 ifr=cé&{n,nr}
T(nrn) _ 1 ifr=rnandc=n
ne 1 ifr=randc=r
0 otherwise
Example:
0 0
T(5’2’4) _

1 0 0
0 0 0
00100
0 0 0
0 0 1




Elementary operation matrices: exchanging rows

For r; # rp, let T(™1:72) pe the n x n matrix such that

ifr=cé&{n,rn}
fr=rnandc=nr
fr=rnandc=n
otherwise

T,(Z’r"rz) _

O = =

Lemma

If B is an n x m matrix, then T("":"2) B js obtained from B by
exchanging the ry-th and the r.-th row.




Elementary operation matrices

Ant.a) pp(nk.e) gnd T(Mr.2) gre elementary operation matrices.

Lemma

A~B

if and only if
B=EE, ---EpA

for some elementary operation matrices Eq, ..., En.




12 3 1
01 0 |~10
0 0 -2 0 0 1

subtract 1st row from 2nd, exchange 2nd and 3rd row, add 2nd
row to 3rd, multiply 3rd row by —1/2
3
11,
0

1 2 3 1 2
010 — M(3,3,71 /2)A(3,3,2) T(3’2’3) 8(3’2’1) 1 1

0 0 1 0 1
e 4 4444

where
S(B21) _ pp(3.1,-1) aB:2,1) pg(3.1,-1)



Invertibility of elementary row operations

@ If we exchange rows ry and r», and then exchange them
again, we obtain the original matrix.

T(norsr2) T(morisr2) — ()

@ If we multiply r-th row by «, and then by 1/«, we obtain the
original matrix.

M(n,r,1/a)M(n,r,a) _ I(n)

o If we add the a-th row to the t-th, and then subtract the a-th
row from the t-th, we obtain the original matrix.
Equivalently,

e multiply the a-th row by —1,
@ add a-th row to the t-th one, and
e multiply the a-th row by —1.

[M(n,a,q)A(n,t,a)M(n,aﬂ)] Alnta) — y(n)



Invertibility of row equivalence

Corollary

A~B

if and only if
A=EE,---E;B

for some elementary operation matrices Eq, ..., En.




Inverse to elementary row operations

For an elementary operation matrix E, let

M(n,a,—1)A(n,t,a)M(n,a,—1) if E = A(n,t,a)
E-1 = pmnri/e) if E = pM(nr.a)
T(nr,r2) if E = T(nr.re)

So that
E'E=|=EE!

Lemma

For an elementary operation matrix E,

Ex = bifand only if x = E~'b.



For real numbers:

o 2 s the solution to ax = §.

@ Except if « = 0: no or infinitely many solutions.
For matrices:

@ Solutionto AX = Bor XA=B?

@ “Non-zero” elements: matrices A for that there always
exists exactly one solution?




<éi>xz<% %)

Equivalent to two systems of linear equations with the same
left-hand sides:

1 2 Xii\ _( 8 1 2 Xi2\ _( 5
3 4 X1 )\ 20 3 4 Xoo ) \ 13
They can be solved at the same time:
4 3 4 3
21>:X_<21>

12/8 5\ (10
20 13 )~ \ 0 1

RREF< 3 4



Consequences for matrix division

Let A be n x m matrix. The following are equivalent:
@ AX = B has unique solution for every n x p matrix B.
@ Ax = b has unique solution for every vector b

When is this the case?
@ A must be square; otherwise there are either

e “too many” equations: no solution, or
e “too few” equations: infinitely many solutions.

@ Not sufficient.




Equivalent characterizations of regularity

The following claims are equivalent for any n x n matrix A.

@ For every b, Ax = b has exactly one solution.
@ Ax = 0 has only one solution (x = 0).

© RREF(A) =1

Q rank(A)=n

Q A~

© Ais a product of elementary operation matrices.
@ For every b, Ax = b has a solution.




9--0=-90=-0=>0=>0
0=-0-0,0<0

@ For every b, Ax = b has exactly one solution.
@ Ax = 0 has only one solution (x = 0).

Trivial.




0=--0--90=-0=>0=>0
0=-0-0,0<0

@ Ax = 0 has only one solution (x = 0).
@ RREF(A) =1

If RREF(A) # /, then not all columns of A are basis, and

(Al0) ~ (RREF(A)[0)

has infinitely many solutions.




09=--0=-0=-0=>0=>0
0=-0-0,0<0

@ RREF(A) =/
0 A~

Trivial, since A ~ RREF(A).




09=--0=-90=-0=>0=>0
0=-0-0,0<0

@ A~
@ Ais a product of elementary operation matrices.

As we observed before, A ~ [ if and only if

A=FEEy - Epl=EEs---Ep

for some elementary operation matrices Eq, ..., En.




09=--0=-90=-0=>0=0
0=-0-0,0<0

@ Ais a product of elementary operation matrices.
@ Forevery b, Ax = b has exactly one solution.
Let A= E;--- Ep for elementary operation matrices E;, ..., En.

E{E;E; - - - Enx = bif and only if
EsE3--- Emx = E{ 'bif and only if
Es - Emx = E, 'E; 'bif and only if

x=E, - E;'E;E; b
e 4 4444



0=--0=--0=-0=>0=>0
0Q-0-0,00

@ For every b, Ax = b has exactly one solution.
@ For every b, Ax = b has a solution.

Trivial.




0=--0=--0=-0=>0=>0
09=-0-0,0<0

@ Forevery b, Ax = b has a solution.
@ RREF(A) =1
If RREF(A) # /, the last row of RREF(A) is 0, and
RREF(A)x = ey

has no solution. We have A = E; --- E;RREF(A) for some ele-
mentary operation matrices Ej, ..., En. Consequently,

(RREF(A)|en) ~ (A|E1 - - - Emen),

and thus Ax = E; - - - Em e, has no solution.



0=--0=--0=-0=>0=>0
0=-0-0,0-0

© RREF(A) =
O rank(A)=n

Trivial from the definition of rank.




Regular matrices

A square matrix A is regular if it satisfies any of the described
equivalent conditions.




Further remarks on regular matrices

Lemma
A ~ B iff there exists a regular matrix Q such that A= QB.

Lemma

Let A and B be n x n matrices. Then AB is regular if and only if
both A and B are regular.

Proof.

< If A, B are products of elementary operation matrices, then
so is AB.

= If B is not regular, then there exists x # 0 such that
Bx = 0, and thus ABx = 0; hence AB is not regular.

If B is regular and A is not regular, then there exists y # 0
such that Ay = 0, and x such that Bx = y (clearly, x # 0).
Hence, again, ABx = 0 implying that AB is not regular.



Matrix inverse

Definition

Let A be a square matrix.
o If AC = I, then C is a right inverse to A.
@ If DA =/, then D is a left inverse to A.

Lemma

If A has both a left inverse D and a right inverse C, then C = D.
Hence, if both left and right inverses exist, they are unique.

Proof.

D = DI = D(AC) = (DA)C = IC = C

‘ [



Inverse and regularity

Lemma

If a square matrix A has a left or right inverse, then A is regular.

lis regular so if XY =/, then X and Y are regular.




Existence of an inverse

Lemma

If A is regular, then it has both a left and a right inverse.

Since Ais regular, A = E; - - - Ej;, for some elementary operation
matrices E;, ..., En. Then,

E,' - EjTA=1=AE;" - E[.




Existence of an inverse, another way

Lemma

If A is regular, then it has both a left and a right inverse.

If Ais regular, then there exist column matrices cq, ..., ¢, such
that Ac; = ey, Aco = e», ..., Ach, = e,. Hence, AC = [, where
C= (C1 ’Cg‘ 00 ¢ ‘Cn).

Note that

A(l— CA)=A— (AC)A=A—A=0.

Since Ais regular, AX = O if and only if X = O. Hence,
|-CA=0Oand CA=1. O



Matrix inverse: summary

The following claims are equivalent for a square matrix A:
@ Aisregular
© Ahas aleft inverse
© Ahas aright inverse

© Ahas a unique left inverse and a unique right inverse, and
they are equal.

For a regular square matrix A, the inverse A~ is the matrix
satisfying

AA T =ATA= |




Inverse, regularity and matrix multiplication

For regular n x n matrices A and B:

o Alis regular, and Ais its inverse.
o (AB)—1 =B 1A1
e Since
(AB)[B'A| = A[BB AT =AIAT = AAT = I,

@ Let C and D be n x m matrices. Then
AC = ADifandonly if C = D.

e AC = AD implies A-TAC=A""1AD
@ For m x n matrices C’' and D',

C'A=DAifandonlyif C'=D'.

@ AX = C has unique solution X = A~'C
@ XA = C’ has unique solution X = C’'A~"



Computing an inverse matrix

Lemma

For a regular matrix A,

RREF(A|l) = (I|A1).

Solution to n systems of linear equations Acy = ey, ...,
ACn = en. D
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Hence,




