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Rozděl (problém) a panuj (nad algoritmy)

Divide et impera!

Kuchǎrka: 1. Rozděĺıme problém na několik podproblémů

2. Pust́ıme algoritmus rekurzivně na každý podproblém

3. Spoj́ıme řešeńı

Př́ıklady: • Hanojské věže

Autor obrázku: Ævar Arnfjörd Bjarmason, Wikimedia Commons, CC BY-SA 3.0

• MergeSort — ťŕıděńı sléváńım

• Karacubův algoritmus pro násobeńı č́ısel

• Strassenův algoritmus pro násobeńı matic

• QuickSelect pro hledáńı k-tého nejmenš́ıho prvku (posledńı p̌rednáška)

• QuickSort pro ťŕıděńı (posledńı p̌rednáška)
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2. Pust́ıme algoritmus rekurzivně na každý podproblém
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Násobeńı n-ciferných č́ısel

”
Školńı“ algoritmus v Θ(n2):

Lze násobit v čase o(n2)?

1960: Kolmogorov uspǒrádal workshop, kde chtěl ukázat dolńı odhad Ω(n2)

• Karacuba na něm našel lepš́ı algoritmus pomoćı rozděl a panuj

Je násobeńı
”
asymptoticky těžš́ı“ než sč́ıtáńı?

• Pomoćı rozděl a panuj lze dosáhnout pro každé ε > 0 složitosti Oε(n
1+ε)

• Pomoćı Fourierovy transformace: O(n log n) (ADS 2)

• Schönhage a Strassen (’71): čas O(n)

Násobit lze v asymptoticky stejném čase jako sč́ıtat!
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”
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Kuchǎrková věta (Master Theorem)

Věta: Rekurentńı rovnice časové složitosti:

T (n) = a · T
(n
b

)
+ Θ(nc) a T (k) = Θ(1) pro k = O(1)

má pro konstanty a ≥ 1, b > 1, c ≥ 0 řešeńı

• T (n) = Θ(nc log n), pokud a/bc = 1

• T (n) = Θ(nlogb a), pokud a/bc > 1

• T (n) = Θ(nc), pokud a/bc < 1
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Strassen̊uv algoritmus pro násobeńı matic (’69)[
A11 A21

A12 A22

]
·
[
B11 B21

B12 B22

]
=

[
C11 C21

C12 C22

]

Zdroj obrázk̊u: Wikimedia Commons, autor Cyp

Konstanta ω: maticové násobeńı v čase O(nω) pro co nejmenš́ı ω

• ω = log2 7 ≈ 2.807 [Strassen ’69]

• ...

• ω < 2.37287 [Le Gall ’14]

• ω < 2.37286 [Alman & Vassilevska Williams ’21]

• ω < 2.371866 [Duan, Wu & Zhou ’23]

• ω < 2.371552 [Vassilevska Williams, Xu, Xu & Zhou ’24]

• hypotéza: ∀ε > 0 : ω < 2 + ε
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• ω = log2 7 ≈ 2.807 [Strassen ’69]

• ...

• ω < 2.37287 [Le Gall ’14]

• ω < 2.37286 [Alman & Vassilevska Williams ’21]

• ω < 2.371866 [Duan, Wu & Zhou ’23]

• ω < 2.371552 [Vassilevska Williams, Xu, Xu & Zhou ’24]
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• ω = log2 7 ≈ 2.807 [Strassen ’69]

• ...

• ω < 2.37287 [Le Gall ’14]

• ω < 2.37286 [Alman & Vassilevska Williams ’21]

• ω < 2.371866 [Duan, Wu & Zhou ’23]

• ω < 2.371552 [Vassilevska Williams, Xu, Xu & Zhou ’24]
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• ω = log2 7 ≈ 2.807 [Strassen ’69]

• ...

• ω < 2.37287 [Le Gall ’14]

• ω < 2.37286 [Alman & Vassilevska Williams ’21]

• ω < 2.371866 [Duan, Wu & Zhou ’23]

• ω < 2.371552 [Vassilevska Williams, Xu, Xu & Zhou ’24]
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• ω = log2 7 ≈ 2.807 [Strassen ’69]

• ...

• ω < 2.37287 [Le Gall ’14]

• ω < 2.37286 [Alman & Vassilevska Williams ’21]

• ω < 2.371866 [Duan, Wu & Zhou ’23]

• ω < 2.371552 [Vassilevska Williams, Xu, Xu & Zhou ’24]
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