Complex numbers: Component form

Definition: C = {a+ bi| a,b € R}.
Addition: (a+ bi) = (p+qi)=(a+p)+ (bt q)i.
Multiplication: (a+ bi) - (o + qi) = ap + (ag + bp) i + bqi® =
= (ap — bq) + (ag + bp)i.

For a € R: a(a+ bi) = aa+ abi.
Conjugation: a+ bi = a— bi.

Properties: X =X, X £y =X+y, X y=X-y,X-X€R.
Absolute value: |x| = Vx - X, so |a+ bi| = V& + b2.

Fora e R: |ax| = |of - |X].

Division: x/y = (x-y)/(y - ¥).
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Complex numbers: Gauss plane and goniometric form

A geometric view of C:

@ Numbers correspond to points in R?: a+ bi « (a, b).
@ |x| is the distance from point (0, 0).

@ |x| = 1 for numbers on the unit circle
(complex units).

Goniometric form:
@ For complex units: x = cos ¢ + isin g for some ¢ € [0, 27).
@ Generally: x = |x]| - (cos ¢(x) + isinp(x)).
The number ¢(x) € [0,27) is called the argument of the
number x (denoted by arg x).

Furthermore ¢(X) = —¢(x).
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Complex numbers: Exponential form

Euler’s formula: /¥ = cos ¢ + isin.

Each x € C can be expressed as |x| - e"#().
Multiplication:

Xy = (|x\ .eiw(X)) . (U’| .eiw(y)) x| - |y - eF(e()+eW)),
(absolute values are multiplied, arguments added)
Powers: x® = (|x|-e'v())" = |x|* . elov(¥),

Roots: /x = |x|!/". ele()/n,

Roots are not unique: 14 = (—1)* = i* = (—i)* = 1.
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Complex numbers: Roots of one

If x € Cis a n-th root of one, we have:
@ |x| =1,s0 x = e for some ¢,
@ el?" = cospn+ isinpn=1,
which happens everytime pn = 2k for k € Z.

@ We get n different n-th roots:
p=2km/nfork=0,...,n—1.

General roots: {/x = |x|'/" . el?()/n. /7.
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