4. domaci série

Ulohy budou pfedvadény na seminéafi 17. 4. 2023.

Uloha 1. Bud P(z) = az? + bz + ¢ a necht rovnice P(z) = = mé
dva ruzné realné koreny. Rovnice P(P(z)) = x ma kromé téchto dvou
kofeni jesté dva dalsi kofeny y a z. Najdéte koeficienty kvadratického
polynomu, ktery ma koreny y a z.

Uloha 2. V roviné je dan konvexni étyfthelnik ABC'D a mimo rovinu
bod P. Na ptimkach AP, BP, CP, DP najdéte po fadé body A’, B,
C', D' tak, aby A’B’'C’'D’ byl rovnobéznik.

Uloha 3. Dva hradi stfidavé zapisuji éisla 1, 2, ..., 100 do matice
10 x 10. Hrac¢ na tahu vybere dosud nepouzité ¢islo a volné misto v
matici a ¢islo na toto misto zapiSe. Prvni hra¢ vyhrava, pokud je na
konci matice regularni. Jinak vyhrava druhy hrac. Najdéte vyhravajici
strategii pro nékterého z hracu.

Uloha 4. Necht {a,}22 je klesajici posloupnost kladnych &isel, jejiz
soucet > >, a, konverguje. Ozna¢me S mnozinu vsech souctit podpo-
sloupnosti

o
S = {Z an,; N je rostouci posloupnost pfirozenych éisel} .
k=1

Ukazte, ze S je interval, pravé kdyz a,—1 < Y .-, a; pro viechna n € N.
Uloha 5. Dano n > 3. Rovinu rozdélime pomoci n piimek, z nichz
zadné dvé nejsou rovnobézné a zadné tii se neprotinaji v jediném bodé.
Kolik nejméné a kolik nejvice ze vzniklych oblasti mohou byt uhly
(neomezend oblast ohrani¢ena pouze dvéma polopifimkami)?

web: http://karlin.mff.cuni.cz/resitel



4th home series

Solutions will be presented at the seminar on April 17, 2023.

Problem 1. Let P(x) = ax?® + bz + ¢ and let the equation P(z) = =
has two distinct real roots. The equation P(P(x)) = z has, except
these two roots, some other two roots y and z. Find coefficients of a
quadratic polynomial with roots y and z.

Problem 2. Consider a convex quadrilateral ABC'D in a plane and
a point P outside the plane. Find points A’, B’, C’, D’ lying on lines
AP, BP, CP, DP respectively such that A’B’C'D’ is a parallelogram.

Problem 3. Two players write in turns numbers 1, 2, ..., 100 into a
matrix 10 x 10. The player on a turn chooses an unused number and an
empty position in the matrix and writes the number to the position.
The first player wins if the final matrix is regular, oherwise the second
player wins. Find a winning strategy for one of the two players.

Problem 4. Let {a,}’2; be a decreasing sequence of positive num-
bers such that )7 | a,, converges. Denote S the set of the sums of all
subsequences

o
S = { E an,; N is an increasing sequence of positive integers} .
k=1

Show that S is an interval if and only if a,—1 < >"° a; for all n € N.

Problem 5. Given n > 3. The plane is divided into several areas
by n lines, no two of them are parallel, no three of them intersect at
a common point. Find the maximum and minimum number of areas
that are ‘angles’ (unbounded area whose boundary consists of two half-
lines).
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