4. soutézni série — reseni

1. Body a; = (z;,yi, z;) sefadime tak, aby z; < x;41, 4 = 1,...,4n — 1. Jako
Ctverfice staci volit body a4r_3,...,a4x, K = 1,...,n. Pokud by dvé ¢tvefice mély
neprazdny priinik, musel by byt na jejich spoleéné soutradnici x = z’, ale protoze t¥i
body nelezi na stejné ptimce, pak tisecka spojujici dva nebude prochazet tim tfetim.

2. Posloupnosti délky n je celkové 3™, z nich vyhovuje (kazdé pismeno se vysky-
tuje lisekrét) f(n) a nevyhovujici posloupnost pro liché n obsahuje pravé dvé pismena
sudékrat. Vyhovujici posnoupnost délky n + 2 vznikla bud pfiddnim dvojice stej-
nych pismen k vyhovujici posloupnosti délky n, nebo pfidanim dvojice ¢isel, které
se v nevyhovujici posloupnosti délky n vyskytovaly sudékrat. Proto plati rekurentni
vzorec

f(n+2)=3f(n)+2(3" = f(n)) = f(n)+2-3".
Dale plati f(3) = 6 a odtud plyne
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3. The statement is not true. Let g be a function satisfying g((a,b)) = (a,1)
for all pairs 0 < a < b < 1. For example, we can take g(x) := x + d(z)(1 — z),
where d(x) is the density of zeros in the binary expansion of z if the density exists
and is strictly between 0 and 1 and d(z) = % otherwise. Let f : (0,1) — R be a
continuous function satisfying f(x) < f(g(x)) for all z € (0,1). Choose any pair z,

€ (0,1), z < y. Then the set M, := {z € (0,1) : g(z) =y} is dense in (0,y) and
it holds that f(z) < f(y) for any z € M,,. Choose any z € M, such that z < z <y
(then f(z) < f(y)) and define M, := {w € (0,1) : g(w) = z} Then M, is dense
in (0,2) and f(w) < f(z) for all w € M,. By density and continuity of f we have
f(@) < f(2) < f(y). Since & < y were arbitrary, f is increasing.
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kde (9) je Cauchy-Schwarzova nerovnost. Vysledek dostaneme vydélenim > .
k=1



